The method of multiple scales is used to analyse the nonlinear propagation of waves on the surface of a fluid column in the presence of a magnetic field. The evolution of the amplitude is governed by a nonlinear Schrödinger equation which gives the criterion for modulational instability. Numerical results are given in graphical form
Introduction
T he stability o f a cylindrical colum n of fluid (the 'p la sm a') w ith an axial m agnetic field has often been investigated. In particular, it has been shown that, w hen the plasm a is confined between conducting w alls, the presence o f an axial m agnetic field can, under suitable circum stances, stabilize the pinch. The sim plest o f the so-called pinch configurations consists o f a cylindrical colum n of fluid (the 'plasm a'), inside o f w hich a uniform axial m agnetic field is present w hile outside there is a sim ilar field together w ith a circum ferential field falling off as inverse of the radi al distance from the axis of the cylinder. In the usual arrangem ents, the colum n fluid is surrounded by a concentric conducting wall. Configurations of this kind are achieved in the laboratory by sending a high current through a fluid colum n by means of a dis charge. T he axial current produces a transverse m ag netic field w hich 'pinches' the colum n of fluid into a configuration w hich is idealized in the discription in the present w ork.
The linear analysis of this problem was investigated earlier by C handrasekhar [1] , while the second harmon ic resonance o f it was investigated by Lee [2] . In this paper we study the nonlinear instability of such a fluid colum n. The inclusion of nonlinear terms results in am plitude m odulation. In various problem of interest it has been shown that the long-time slow modulation of the w ave am plitude is governed by a nonlinear Schrödinger equation.
T he evolution of wave packets on the surface of a fluid colum n has been investigated by a num ber of workers. Singh and M alik [3] investigated the weakly nonlinear breakup o f a je t held together by capillary forces in the presence o f an applied electric field, us ing the m ethod of strained coordinates, w hile Trehan and L ardner [4] discussed the effect o f a uniform m ag netic field on the nonlinear conditions o f stability o f a m agnetohydrodynam ic je t by the m ethod o f m ultiple scales. The m ethod o f m ultiple scales was very suc cessfully used by H asim oto and O no [5] to derive a single equation describing the long-tim e evolution of the envelope of a packet o f plane finite am plitude gravity w aves. In the present w ork we develop, by the m ultiple scale m ethod the nonlinear S chrödinger equa tion describing the evolution of a finite am plitude wave packet on a fluid surface in the presence o f an axial m agnetic field w ith a transverse field. T his m eth od was used by K akutani et al. [6] (see also [7, 8, 9] ) to study nonlinear capillary w aves on the surface o f a liquid colum n. The m ethod of m ultiple scales was also used by K hosla and C hhabra [10] to describe the non linear resonant interaction on a m agnetohydrodynam ic jet, and by C hhabra and Trehan [11] to exam ine weakly nonlinear progressive w aves in a self gravitat ing fluid colum n in the presence o f a uniform axial m agnetic field.
The basic equations w ith the accom panying boundary conditions are given in Section 2. T he first order theory and the linear dispersion relation are obtained in Sec tion 3. In Sect. 4 we have derived second order solu tions. In Sect. 5, the third order theory and the nonline ar Schrödinger equation governing the am plitude m od ulation are given. Finally some num erical examples are presented in graphical forms.
We consider axisym m etric wave motion on the sur face of a fluid column whose density is p. Let R0 be the radius of the fluid colum n and Rx that of the encircling wall. The superscripts (1) and (2) refer to quantities in side and outside of the jet, respectively. The magnetic perm eability is denoted by fi. We use cylindrical coor dinates (r, < j o, z). Let rj(z, t) denote the elevation of the free surface m easured from the unperturbed level r = Rq. The motion is assum ed to be irrotational. If u and h denote velocity field and the magnetic field inside the fluid column, respectively, at any time t, then the equations holding at r < R0 + 77 are The normal com ponent of the m agnetic field is contin uous at the deform ed surface of the fluid column, so that n ■ = 0 at r = R0 + ij, (2.8) where H J represents the jum p across the surface of the fluid column, i.e., J/z]| = h{2) -/ z (1). A t the free surface, the normal stress is continuous:
na lp \-n ß lMaßi = Q at r = R0 +r], (2.9) where na is the unit normal vector given by (2.6) and p is the pressure. The force Maß of magnetic origin iŝ (iß _ fl I h(thß Ö(lß hy fly (2.10) where öaß is the Kronecker delta. Let H\ and H2 denote the strengths of the axial magnetic field inside and out side of the column, respectively, and let the transverse <p-field be H q> = HQ RQ lr.
The fact that the magnetic fields is discontinuous at r = R0 means that there is a current sheet of strength 
Linear Theory
Substituting the expansions given by (2.13) to (2.17) into the field equations (2.1) to (2.3) and boundary con ditions (2.7) to (2.9), and equating term s of equal pow ers o f s on both sides of the equation, we obtain the fol lowing set of equations and boundary conditions to or der e. The zeroth order solution yieldŝ
The velocity field and the m agnetic field are derived from potential fields (p x and ip[]) so that W] = V0<pu and h \= -V0rp\l\ w here V0 = erd/dr + ezd/dzo, and so we take Here, k and (o stand for the w avenum ber and the fre quency of the centre of the wave packet, respectively.
The progressive solutions (3.10)-(3.14) lead to the dis persion relation
■ A2 e x p (2 /0 ) + c.c., (4.6) where
Second Order Solutions
Since our aim is to study the am plitude modulation when co2 > 0, we now proceed to the second order prob lem in 0(e2). With the use of the first order solutions given by (3.10) to (3.14), we obtain the equations for the second order problem . If we put , dcf> 2 • co fo(kr) dA co" I) 7 H --------I---------------------------~---- and its com plex conjugate relation. The group velocity of the wave is given by 
Third Order Solutions
We now proceed to the third order problem in 0(e ). The third-order problem becomes from which cuz and chz can be determined. If we assume that these two quantities depend on Z\ and tx only through the com bination of z\ -Vgt\, we obtain From (5.14) we can solve for bur and bhr. Using (5.11b, c) and (5.15-16) , we obtain The constant ax in (5.17) is due to the homogeneous solution, and since the solution involving ax will vanish when it is substituted into the boundary condition at the free surface, it is set equal to zero. The rem aining a's can be expressed in term s of auz. In the following we record a's which are needed in the subsequent analysis: In the above equations cuz( 1) and chz ( 1) are the values of cuz and chz, respectively, at r= 1. It is know n that the modulational instability is char acterized by the criterion PQ < 0, which yields the val ue of the w ave num ber km at which the instability oc curs. Such a criterion depends upon ß x and ß2. In Figs.  1 and 2 we show the stability regions in the ß x -k plane w hen ß2 is equal to 0.6 and 0.8, respectively. Here, ß x can only take the values for ß2 < \ + ß2. In Fig. 3 , when ßi = 0.8, the region of stability in the ß2-k plane is shown w hen ß^ varies from 0.3 to 1.3. Since P is posi tive when jß] > 0.7, the stability depends on the sign of Q. We observe that there are two branches of the curve 
